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Abstract
A scenario combining a model of early (TeV) unification of quarks and leptons with the physics
of large extra dimensions provides a natural mechanism linking quark and lepton masses at TeV
scale. This has been dubbed as early quark-lepton mass unification by one of us (PQH) in one of the
two models of early quark-lepton unification, which are consistent with data, namely SU(4)PS ⊗
SU(2)L⊗SU(2)R⊗SU(2)H. In particular, it focused on the issue of naturally light Dirac neutrino. The
present paper will focus on similar issues in the other model, namely SU(4)PS ⊗ SU(3)L ⊗ SU(3)H.
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1. INTRODUCTION
Could quark and lepton masses be related at TeV scales? Not long ago, one of us
explored this possibility in the framework of the so-called early quark-lepton mass unifica-
tion [1]. The idea was to combine two TeV scale scenarios, namely one of the two petite
unification models PUT1 = SU(4)PS ⊗ SU(2)L ⊗ SU(2)R ⊗ SU(2)H, and TeV scale large extra
dimensions [2, 3].
The Petite Unification Theories (PUT’s) [4, 5] are quark-lepton unification models,
which occur at TeV scales and have the gauge group structure G = GS(gS)⊗GW(gW). Both
PUT models propose unusually charged heavy quarks and leptons, in addition to the
fermion content of the Standard Model (SM).
The model in Ref. [1] made use of the mechanism of wave function overlap along the
large extra dimension [3, 7], which was originally employed to justify the smallness of
Dirac neutrino mass [8, 9, 10]. The mechanism connects the strengths of the couplings in
the mass terms of the fermions in four dimensions, as effective Yukawa couplings, to the
magnitudes of wave function overlaps between the corresponding left- and right-handed
fermionic zero modes along the large extra dimension [8, 9].
In this framework, therefore, the shapes of thewave functions of left- and right-handed
fermions plus distances between those wave functions in the extra dimension determine
the strengths of the mass terms in four dimensions.
The geometry of the fermionic zero modes along the extra dimension was system-
atically set in Ref. [1] by breaking the symmetries of the model in the extra dimension
down to that of the Standard Model, which was the approach originally suggested in
Ref. [9]. As a result, Ref. [1] obtained early quark-lepton mass unification, within which the
four-dimensional (4D) Yukawa couplings of the chiral fermions of the model related to
each other and a light Dirac neutrino was made possible.
The present work intends to build a model based on the marriage of the other petite
unification model, PUT2 = SU(4)PS ⊗ SU(3)L ⊗ SU(3)H, and the physics of large extra
dimension in the context of “brane world” picture, in order to explore its implications.
Similar to the work in Ref. [1], we make use of the idea of wave function overlaps along
the extra dimension and set the geometry of the zero modes by symmetry breakings.
Historically, questions on quark-leptonmass relationwere addressed in a quark-lepton
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unification scenario, e.g., GrandUnified Theories (GUT’s) [11]. Awell-known example of
this is the equality of τ-lepton and bottom-quark masses [12] atMGUT in SU(5) scenario. A
TeV scale quark-lepton mass relation differs from a GUT one in the amount of “running1”
one needs to be concerned about if one attempts to explore the implications at lower
energies, sayMZ.
On another front, the present work assumes a Dirac neutrino, which will turn out
light in a direct correlation with the masses of heavy unconventional fermions. Such
connection between a light Dirac neutrino and TeV-scale physics is in contrast with the
traditional seesaw mechanism [13], where its scale is limited perhaps only by Planck
mass. Very recently, however, a TeV scale scenario for seesaw mechanism [14] has been
put forward, which broadens the implications on TeV-scale physics to both Dirac and
Majorana light neutrinos. Of course, the final word on the nature of neutrino, whether it
is a Majorana or Dirac particle, must come from experiment, in particular those regarding
lepton number violation.
The outline of the paper is as follows. First, we go over the idea of petite unification
theories briefly followed by a review on the group structure and the particle content of
PUT2 scenario. Then, we present a five dimensional model based on PUT2 scenario plus
a short review on the wave function overlap mechanism. Afterward, we set the geometry
of the zero mode wave functions of chiral fermions by systematic symmetry breakings
in the extra dimension. In subsequent sections, we move toward the computation of
chiral fermion mass scales by relating them to the magnitudes of applicable overlaps in
the extra dimension. A numerical analysis concludes the mass scale computation, which
substantiates the notion of early quark-lepton mass unification. Then, we examine the
validity of ourmodel by computing the electroweak oblique parameter S and the lifetimes
of heavy chiral fermions.
2. PETITE UNIFICATIONOF QUARKS AND LEPTONS
Petite unification models [4] were built around the idea of unifying quarks and leptons
at an energy scale not too much higher than the electroweak scale. They have the gauge
1 including both coupling constants and masses.
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group structure ofG = GS(gS)⊗GW(gW) with two independent couplings gS and gW, which
must contain the SMfields. The first PUTmodel was constructed based on the knowledge
of the low-energy sin2 θW value and known fermion representations at the time. With the
SU(4)PS group of Pati and Salam [6] chosen forGS and the constraint from the experimental
value of sin2 θW(M2Z), known at the time, the gauge group PUT0 = SU(4)PS ⊗ [SU(2)]4 with
unification scale of several hundreds of TeV emerged and was proposed in Ref. [4].
Later precise measurements of sin2 θW(M2Z) plus renewed interest in TeV scale physics,
however, resulted in a thorough re-examination of the PUT idea [5], yielding three favor-
able PUT models: PUT0 and PUT1,2, where
PUT1 = SU(4)PS ⊗ SU(2)L ⊗ SU(2)R ⊗ SU(2)H, (1)
and
PUT2 = SU(4)PS ⊗ SU(3)L ⊗ SU(3)H. (2)
The newmeasured value of sin2 θW(M2Z), which was higher than its old value, lowered
the unification scale down to a few-TeV region. This lower scale rules out PUT0 scenario
due to problems with the decay rate of KL → µe at tree level. The remaining two
models, PUT1 and PUT2, however, are found to naturally avoid the violation of the upper
bound on the KL → µe rate at tree level. The SM gauge group with three couplings,
SU(3)c(g3)⊗ SU(2)L(g2)⊗U(1)Y(g1), is assumed to be embedded into the PUT groups with
two couplings. The symmetry breaking scheme of PUT scenarios is given by2
G
M−→ G1 M˜−→ G2 MZ−→ SU(3)c ⊗U(1)EM, (3a)
where
G1 = SU(3)c(g3) ⊗U(1)S(g˜S) ⊗ GW(gW) , (3b)
and
G2 = SU(3)c(g3) ⊗ SU(2)L(g2) ⊗U(1)Y(g′) , (3c)
withMZ < M˜ ≤M. The two PUT scenarios have three new generations of unconventional
quarks and leptons, in addition to the three standard generations of quarks and leptons.
2 The gauge symmetry breakdown of PUT scenarios down to that of the SMwith an additional discreteZ
symmetry and its implications on monopoles is discussed in Ref. [15].
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Themagnitude of the charges of these newparticles can reach up to 4/3 (for “quarks”) and
2 (for “leptons”). The horizontal groups SU(2)H and SU(3)H connect the standard fermions
to the unconventional ones, as well as the gauge bosons of SU(4)PS/ [SU(3)c ⊗U(1)S].
In both PUTmodels the SU(4)PS quartets contain either “unconventional quark and the
SM lepton” or “SM quark and unconventional lepton.” As a result, there is no tree-level
transition between ordinary quarks and leptonsmediated by the SU(4)PS/ [SU(3)c ⊗U(1)S]
gauge bosons. This important property prevents rare decays such as KL → µe from
acquiring large rates, since it can only occur through one-loop processes which can be
made small enough to comply with the experimental bound.
Another property of PUT scenarios is the existence of new contributions to flavor
changing neutral current (FCNC) processes, involving standard quarks and leptons,
which are mediated by the horizontal SU(2)H and SU(3)H weak gauge bosons and the
new unconventional quarks and leptons. Nonetheless, they appear at one-loop level and
can be made consistent with the existing experimental bounds. A thorough analysis of
PUT1 was carried out by the authors of Ref. [16].
3. PUT2 MODEL
In this scenario the weak gauge group is GW = SU(3)L ⊗ SU(3)H, where the SM’s SU(2)L
is the subgroup of its SU(3)L. The gauge symmetry breaking of PUT2 follows the scheme
given in Eqs. (3).
Within such symmetry breaking, the strong U(1)S group corresponds to the unbroken
diagonal generator of SU(4)PS, i.e., YˆS. The weak hypercharge U(1)Y group emerges
from U(1)S and GW breaking, whose generator YˆW can be written as YˆW = CSTˆ15PS +
CLTˆ8L + C1HTˆ8H + C2HTˆ3H where Tˆ’s are the diagonal generators of G˜S, SU(3)L and SU(3)H
symmetries. The SM’s Tˆ3L generator is simply the third generator of SU(3)L, which goes
into the unbroken SU(2)L subgroup. Note that this is all in the “unlocked standardmodel”
picture of Ref. [4], where the generators of SU(2)L are the unbroken generators of GW. The
Ci coefficients in YˆW define the embedment of the SM’s weak hypercharge group U(1)Y
into G1.
The two symmetry breaking scales M and M˜ were determined in Ref. [5] by renor-
malization group (RG) evolution combined with the very precise experimental value
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of sin2 θW
(
M2
Z
)
. The values could differ by up to an order of magnitude, roughly
3 6 M 6 10 TeV and 0.8 6 M˜ 6 3 TeV.
The charge operator in PUT scenarios is defined as Qˆ = QˆW + CSTˆ15PS, where QˆW
is the weak charge given by QˆW = Tˆ3L + CLTˆ8L + C1HTˆ8H + C2HTˆ3H. The weak charge
QW, as shown in Ref. [4], is related to sin
2 θ0
W
defining the charge distribution of the
relevant representations of PUT scenarios. For PUT2 model, C
2
S
= 8/3 and the important
group theoretical factor sin2 θ0
W
is given by sin2 θ0
W
= 1
/(
1 + C2
W
)
= 3/8 , where C2W =
C2L + C
2
1H
+ C22H = 5/3.
For the model in question, the fermion representations, which together are anomaly-
free, are (4, 3, 3¯) and (4, 3¯, 3). The charge distribution of the fermion content of (4, 3, 3¯)
representation is
Q1 =
([(
1
3
,
4
3
,
4
3
)
, (−1, 0, 0)
]
,
[(
−2
3
,
1
3
,
1
3
)
, (−2,−1,−1)
]
,
[(
−2
3
,
1
3
,
1
3
)
, (−2,−1,−1)
])
, (4)
Similarly, for (4, 3¯, 3) the charge distribution is given by
Q2 =
([(
1
3
,−2
3
,−2
3
)
, (−1,−2,−2)
]
,
[(
4
3
,
1
3
,
1
3
)
, (0,−1,−1)
]
,
[(
4
3
,
1
3
,
1
3
)
, (0,−1,−1)
])
, (5)
In terms of SU(2)L doublets and singlets, one can write (4, 3, 3¯) as
Ψ1,L =
([(
ψQ∗,Dc
)
,
(
ψl, νc
)]
,
[(
ψq∗, dc
)
,
(
ψL∗, lcd
)]
,
[(
ψ˜q∗, d˜∗
)
,
(
ψ˜L∗, l˜∗
)])
L
, (6)
and (4, 3¯, 3) as
Ψ2,L =
([(
ψ˜q,c, uc
)
,
(
ψ˜L,c, lcu
)]
,
[(
ψ˜Q,c,Uc
)
,
(
ψ˜l,c∗, lc∗
)]
,
[(
ψ˜Q∗, d˜c
)
,
(
ψ˜l, l˜c
)])
L
. (7)
Before we identify the SU(2)L doublets and singlets appearing in Eqs. (6 and 7), let us
first point out that in Eqs. (6 and 7) the right-handed fields are written in terms of the
left-handed charge conjugates; so that the whole representation is left handed, e.g., νcL or
uc
L
. Besides, to match the charge distributions of Eqs. (4 and 5), some SU(2)L doublets,
in Eqs. (6 and 7), appear in italic-boldface typeset. To explain this notation, consider an
arbitrary doublet
ψL,R =

ψu
ψd

L,R
, (8)
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then ψL,R, the rotated doublet in SU(2) space by pi about the second axis, is defined as
ψL,R ≡ iτ2ψL,R =

ψd
−ψu

L,R
. (9)
The SU(2)L doublets and singlets present in (4, 3, 3¯) are3
ψ
q
L
=

u(2/3)
d(−1/3)

L
; dcL(1/3) = Cd¯
T
R , (10a)
ψlL =

ν(0)
l(−1)

L
; νcL = Cν¯
T
R , (10b)
ψQ
L
=

U(−1/3)
D(−4/3)

L
; DcL(4/3) = CD¯
T
R , (10c)
ψLL =

lu(2)
ld(1)

L
; lcd,L(−1) = Cl¯Td,R , (10d)
ψ˜LL =

l˜u(2)
l˜d(1)

L
; l˜L(+1) , (10e)
ψ˜
q
L
=

u˜(2/3)
d˜(−1/3)

L
; d˜L(−1/3) . (10f)
In the above list, one notices normal quarks and leptons, and those with unusual electric
charges. On the other hand, the SU(2) doublets and singlets of (4, 3¯, 3) are
ψ˜lL,R =

ν˜(0)
l˜(−1)

L,R
; lcL(+1) = Cl¯
T
R , (11a)
l˜R(+1) ; u
c
L (−2/3) = Cu¯TR , (11b)
ψ˜
q
R
=

u˜(+2/3)
d˜(−1/3)

R
; d˜R(−1/3) , (11c)
ψ˜LR =

l˜u(2)
l˜d(1)

R
; lcu,L(−2) = Cl¯Tu,R , (11d)
3 As a convention, the fields presented by tilded letters are vector-like (i.e., not chiral).
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ψ˜Q
L,R =

U˜(−1/3)
D˜(−4/3)

L,R
; UcL(1/3) = CU¯
T
R . (11e)
One notices two types of families with SM transformation property in bothΨ1 andΨ2.
This means left-handed doublets and right-handed singlets for each family. One family
includes SMquarks and leptons (normal fermions) and the other contains unconventional
quarks and leptons, i.e., those with unusual charges. These unconventional particles are
ψQ
L
, DcL, U
c
L, and ψ
L
L, l
c
d,L
, lcu,L. The normal and unconventional quarks and leptons will
receive mass through their couplings with the SM Higgs field.
In addition, the fermion content of PUT2 includes two vector-like SU(2)L doublets of
quarks and leptons (ψ˜q, ψ˜l)L,R and (ψ˜
Q, ψ˜L)L,R, with normal and unusual charges, and two
vector-like SU(2)L singlets l˜L,R and d˜L,R. These vector-like particles can obtain large bare
masses as mentioned in Ref. [5].
Let us write the two representations in terms of quartets and triplets of the correspond-
ing gauge symmetry groups. ForΨ1L, we have the following multiplets:
• SU(4)PS quartets 
D∗L (4/3)
νL (0)
 ;

−U∗L (1/3)
lL (−1)
 ;

DcL (4/3)
νc
L
(0)
 , (12a)

d∗L (1/3)
l∗
d,L
(−1)
 ;

−u∗L (−2/3)
−l∗u,L (−2)
 ;

dcL (1/3)
lc
d,L
(−1)
 , (12b)

d˜∗L (−2/3)
l˜∗
d,L
(−1)
 ;

−u˜∗L (−2/3)
−l˜∗u,L (−2)
 ;

d˜∗L (1/3)
l˜∗L (−1)
 , (12c)
• SU(3)L triplets 
D∗L (4/3)
−U∗L (1/3)
Dc
L
(4/3)

;

νL (0)
lL (−1)
νc
L
(0)

;

d∗L (1/3)
−u∗L (−2/3)
dc
L
(1/3)

, (13a)

l∗
d,L
(−1)
−l∗u,L (−2)
lc
d,L
(−1)

;

d˜∗L (1/3)
−u˜∗L (−2/3)
d˜∗L (1/3)

;

l˜∗
d,L
(−1)
−l˜∗u,L (−2)
l˜∗L (−1)

, (13b)
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• SU(3)H antitriplets 
d∗L (1/3)
D∗L (4/3)
d˜∗L (1/3)

;

−u∗L (−2/3)
−U∗L (1/3)
−u˜∗L (−2/3)

;

dcL (1/3)
DcL (4/3)
d˜∗L (1/3)

, (14a)

l∗
d,L
(−1)
νL (0)
l˜∗
d,L
(−1)

;

−l∗u,L (−2)
lL (−1)
−l˜∗u,L (−2)

;

lc
d,L
(−1)
νc
L
(0)
l˜∗L (−1)

, (14b)
ForΨ2L, on the other hand, the corresponding multiplets are:
• SU(4)PS quartets 
d˜c
L
(1/3)
l˜c
d,L
(−1)
 ;

−u˜c
L
(−2/3)
−l˜cu,L (−2)
 ;

uc
L
(−2/3)
lcu,L (−2)
 , (15a)

D˜c
L
(4/3)
ν˜c∗L (0)
 ;

−U˜c
L
(1/3)
l˜ c∗L (−1)
 ;

Uc
L
(1/3)
lc∗L (−1)
 , (15b)

D˜∗L (4/3)
ν˜L (0)
 ;

−U˜∗L (1/3)
l˜L (−1)
 ;

d˜c
L
(1/3)
l˜cL (−1)
 , (15c)
• SU(3)L antitriplets 
−u˜cL (−2/3)
d˜c
L
(1/3)
uc
L
(−2/3)

;

−l˜cu,L (−2)
l˜c
d,L
(−1)
lc
u,L
(−2)

;

−U˜cL (1/3)
D˜c
L
(4/3)
Uc
L
(1/3)

, (16a)

l˜c∗
L
(−1)
ν˜c∗L (0)
lc∗L (−1)

;

−U˜∗L (1/3)
D˜∗L (4/3)
d˜cL (1/3)

;

l˜L (−1)
ν˜L (0)
l˜cL (−1)

, (16b)
• SU(3)H triplets 
D˜cL (4/3)
d˜c
L
(1/3)
D˜∗L (4/3)

;

−U˜cL (1/3)
−u˜c
L
(−2/3)
−U˜∗L (1/3)

;

UcL (1/3)
uc
L
(−2/3)
d˜cL (1/3)

, (17a)

ν˜c∗
L
(0)
l˜c
d,L
(−1)
ν˜L (0)

;

l˜c∗
L
(−1)
−l˜c
u,L
(−2)
l˜L (−1)

;

lc∗
L
(−1)
lc
u,L
(−2)
l˜cL (−1)

, (17b)
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Beforewe end this section, it isworthmentioning that all left-handed SM-type fermions
are in Ψ1. Plus, four of the corresponding right-handed fields are in Ψ1 (i.e., d
c
L
, Dc
L
, lc
d,L
,
νcL) and the other four in Ψ2 (i.e., u
c
L, U
c
L, l
c∗
L , l
c
u,L). The right-handed fields, in both
representations, are the third components of the SU (3)L triplets.
4. EARLY QUARK-LEPTONUNIFICATION IN FIVE DIMENSIONS
Generalization to five-dimensional (5D) space is simply done by introducing an extra
spatial dimension, y. It is well known that 5D fermions are of Dirac type and not chiral.
As we would like the SM-type fermion content of our five dimensional model to mimic
the chiral spectrum of the 4D SM-type fermions; we compactify the extra dimension on
an S1/Z2 orbifold with a TeV-scale size. That means the size of the extra dimension for
our model is about the inverse of the partial unification scale (M ∼ 3.3 − 10 TeV).
In the “braneworld” picture, however, such chiral fermions are assumed to be trapped
onto a three-dimensional (3D) sub-manifold (“brane” or “domain wall” [17]) as zero
modes. The localization of fermions into brane is achievable by coupling the fermionic
field to a background scalar field with a kink solution.
In addition to localization, the shapes of zero-mode wave functions are to be set. For
doing that, we follow the idea in Ref. [9] for which a short review is given here.
In Ref. [9] a 5D left-right symmetric model was considered. After localizing the right-
handed fermions of a given doublet at the same point, the SU(2)R symmetry was spon-
taneously broken along the extra dimension via the kink solution of a triplet scalar field.
The outcome of such symmetry breaking is significant in the sense that one element of the
right-handed doublet obtains a narrow, while the other element acquires a broad wave
function along the extra dimension. With left handed doublet localized at some other
point along the extra dimension, two very different left-right overlaps are resulted. An
exaggerated depiction of such overlaps is shown in Fig. 1 for a leptonic doublet, ν and
l. Fermionic Dirac mass terms involve left- and right-handed fields and when the extra
dimension is integrated out, the Yukawa coupling in 4D space will be proportional to the
corresponding left-right overlaps in the extra dimension. The spirit of the work presented
in Ref. [9] is that when zero-mode wave functions of the right-handed fields overlap with
the left-handed wave function (common for both ν and l) there will be a large difference
10
y
Lȟ
Ȟ
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FIG. 1: Schematic depiction of left-right overlaps for neutrino and charged lepton in the extra
dimension: ξν.l
R
, zero-mode wave function for right-handed neutrino and charged lepton; ξL,
zero-mode wave function for left-handed leptonic doublet.
between the effective Yukawa couplings of neutrino and charged lepton.
The objective in our 5D model is to localize the SM-type fermions of our model on
3D slices and break the relevant symmetries along the extra dimension, which in turn
define the geometry of zero modes and ultimately will determine the effective Yukawa
couplings in the 4D theory.
The localization and symmetry breakings along the extra dimension involve Yukawa
couplings, e.g., in the form f Ψ¯1ΦΨ1 + f Ψ¯2ΦΨ2, where Ψ1 and Ψ2 couple to the same
scalar field with the same coupling constant to localize at the same point or shift position
with the same amount. This suggests an SU(2)G global symmetry among Ψ1 and Ψ2
in the extra-dimensional Yukawa sector. For the Yukawa sector in the extra dimension,
therefore, the symmetry group of the theory can be written as the product of global and
gauge groups, G = Ggauge ⊗Gglobal. Although the SU(2)G global symmetry is limited to the
extra-dimensional Yukawa sector, there is an analogous, however implicit, global SU(2)
symmetry among Ψ1 and Ψ2 if only the strong SU(4)PS quartets are looked at, i.e., weak
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group neglected. The fact that the weak group representations ofΨ1 andΨ2 differ means
that such extensive symmetry is explicitly broken by GW.
The fermion representation of the model for couplings with scalar fields in the extra
dimension can be written as
Ψ
(
xµ, y
)
=

4, 3, 3¯
4, 3¯, 3
; 2
 =

Ψ1
(
xµ, y
)
Ψ2
(
xµ, y
)
 , (18)
where we used the notation
(
Gauge ; Global
)
to articulate the multiplet structure of Ψ
with respect to the gauge and global groups.
To find out the appropriate group representations of the background scalar fields,
needed for localization and symmetry breakings, we should examine the bilinear form of
Ψ under SU(4)PS ⊗ SU(3)L ⊗ SU(3)H ⊗ SU(2)G, explicitly
Ψ¯
(
x, y
)
Ψ
(
x, y
)
=
(
15 ⊕ 1, 8 ⊕ 1, 8 ⊕ 1 ; 3 ⊕ 1
)
. (19)
From Eq. (19), one can pick suitable scalar fields to
1. Localize the right-handed and left-handed fermions in the extra dimension at dif-
ferent locations,
2. Give different profiles to up and down sectors of the right-handed fermions,
3. Differentiate between normal and unconventional fermions, also quarks and lep-
tons.
In the following sections, we shall carry out these tasks one by one.
4.1. Localization of fermions
To localize the SM-type fermions as chiral zero modes, we first note that we wrote the
fermion representations of PUT2 as left-handed multiplets (see section 3). Therefore, by
choosing a chiral S1/Z2 orbifold and positive couplings in the localization process [18], we
can assign zero modes to all left-handed fields of the representation including the right
handed fields which are written as charge conjugates. This way, the relevant 5D Dirac
12
spinors transform as left-handed SM fermions. Symbolically, the 5D representation of the
model as chiral zero mode can be imagined as
ΨL
(
x, y
)
=

Ψ1L (x) ξ1
(
y
)
Ψ2L (x) ξ2
(
y
)
 , (20)
where ξ’s take on the appropriate zero-mode wave functions for each constituent field
of the multiplet. Throughout this work and for clarity, we denote the zero-mode wave
functions of the left- and right-handed fields with subscripts L and R, respectively.
For localization, consider a singlet scalar field ΦS =
(
1, 1, 1 ; 1
)
. The gauge- and
global-invariant Yukawa coupling of such scalar field with fermions looks like
LS = fSΨ¯ΦSΨ = fS (Ψ¯1ΦSΨ1 + Ψ¯2ΦSΨ2) , (21)
where fS > 0. To localize at some non-zero point, y , 0, let the kink solution of ΦS be in
the form
〈ΦS〉 = hS (y) + vS . (22)
The equation of motion for the zero-mode wave functions of the left- and right-handed
SM-type fermions is then given by
∂yξL,R +
[
fShS
(
y
)
+ fSvS
]
ξL,R = 0 . (23)
However, if one wants to have left-right overlaps between the zero modes, one needs
to separate the zero-mode wave functions of the left- and right-handed fields along the
extra dimension. This can be done by moving the left- and right- handed zero-modes
asymmetrically. To do this, we need to couple fermions to a background scalar field that
would only acquire a minimum energy solution and not a kink solution. We introduce a
scalar field ΦO =
(
1, 8, 1 ; 1
)
, whose coupling with fermions takes the form
LO = − fOΨ¯ΦOΨ = − fO (Ψ¯1ΦOΨ1 + Ψ¯2ΦOΨ2) , (24)
where fO > 0. The minimum energy solution of ΦO (which leaves SU(2)L unbroken) for
such asymmetrical shift can simply take on the eighth direction of SU(3)L, i.e.,
〈ΦO〉 = δ

1 0 0
0 1 0
0 0 −2

, (25)
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where δ is the vacuum expectation value (VEV) of ΦO. The coupling in Eq. (24), when
ΦO develops VEV, shifts the position of the left- and right-handed zero modes along the
extra dimension differently, which is obvious from their equations of motion
∂yξL
(
y
)
+
[
fShS
(
y
)
+ fSvS − fOδ]ξL (y) = 0, (26a)
∂yξR
(
y
)
+
[
fShS
(
y
)
+ fSvS + 2 fOδ
]
ξR
(
y
)
= 0. (26b)
with δ , 0. The possibility of δ = 0 will be discussed later. We remind ourselves that the
left-handed zero-mode wave functions ξL, are SU(2)L doublets, while the right-handed
zero-mode wave functions ξR, are just singlets.
4.2. Distinguishing the up and down sectors of the right-handed fermions
Since one sector of the right-handed SM-type fields are in Ψ1 and the other in Ψ2,
distinguishing these two sectors along the extra dimension demands a coupling which
differentiates between them in the extra dimension. Looking at Eq. (19), we consider two
SU(2)G triplet fields ΦT =
(
1, 1, 1 ; 3
)
and Φ′T =
(
1, 8, 1 ; 3
)
, for an asymmetrical profile
changing. The Yukawa couplings with fermions would be
LT = fTΨ¯ΦTΨ+ f ′TΨ¯Φ′TΨ, (27)
where fT, f ′T > 0. To alter the shapes of the right-handed zero-mode wave functions, these
two triplet fields must attain kink solutions, they are
〈ΦT〉 = hT (y)

1 0
0 −1
 , (28)
and
〈
Φ′T
〉
= h′T
(
y
)

1 0 0
0 1 0
0 0 −2

⊗

1 0
0 −1
 , (29)
where hT
(
y
)
and h′T
(
y
)
are the kink solutions of ΦT and Φ
′
T, respectively. The equations
of motion for the zero-mode wave functions now read
∂yξL
(
y
)
+
[
fShS
(
y
)
+ fThT
(
y
)
+ f ′Th
′
T
(
y
)
+ fSvS − fOδ
]
ξL
(
y
)
= 0 , (30a)
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∂yξ
up
R
(
y
)
+
[
fShS
(
y
)
+
(
fThT
(
y
) − 2 f ′Th′T (y)) + fSvS − 2 fOδ] ξupR (y) = 0 , (30b)
∂yξ
up
R
(
y
)
+
[
fShS
(
y
) − ( fThT (y) − 2 f ′Th′T (y)) + fSvS − 2 fOδ] ξupR (y) = 0 , (30c)
where ξ
up
R
and ξdownR refer to the right-handed zero-mode wave functions ofΨ1 (i.e., those
of d, D, ld, and ν) and Ψ2 (i.e., those of u, U, lu, and l), respectively. The doublet ξL still
refers to both normal andunconventional left-handed fermion zero-modewave functions,
which means the left-handed fermions ofΨ1.
It can be seen, from Eqs. (30b and 30c) that the profiles of the right-handed zero-mode
wave functions of Ψ1 and Ψ2, which we denote by ξ
up
R
and ξdownR , are now different: a
broad wave function for ξdownR and a narrowwave function for ξ
up
R
. This disparity between
the profiles of the two sectors of right-handed zero modes may become more clear in
section 4.5. Let us define
hsym
(
y
) ≡ fShS (y) + ( fThT (y) − 2 f ′Th′T (y)) , (31a)
hasym
(
y
) ≡ fShS (y) − ( fThT (y) − 2 f ′Th′T (y)) , (31b)
for future compactness of equations.
4.3. Distinguishing normal and unconventional fermions, quarks and leptons
As the geometry of the zero-mode wave functions in the extra dimension determines
the overlaps and therefore the effective Yukawa couplings, one would like to differentiate
between the zero-mode wave functions of normal and unconventional fermions, also
between those of quarks and leptons. Since these fermions are mixed by groups SU(4)PS
and SU(3)H, breaking those symmetries along the extra dimension seems plausible. The
desired symmetry breaking can be achieved by four scalar fields, which only develop
VEV’s and not kink solutions. The scalar fields are Σ =
(
15, 8, 1 ; 1
)
, Σ′ =
(
15, 1, 1 ; 1
)
,
Ω =
(
15, 8, 8 ; 1
)
, andΩ′ =
(
15, 1, 8 ; 1
)
, with Yukawa couplings in the form
LY = Ψ¯ ( fΣΣ + fΣ′Σ′ + fΩΩ+ fΩ′Ω′)Ψ, (32)
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where fΣ, fΣ′ , fΩ, fΩ′ > 0. The minimum energy solutions of these fields are taken as
〈Σ〉 = σ

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −3

⊗

1 0 0
0 1 0
0 0 −2

, (33a)
〈Σ′〉 = σ′

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −3

, (33b)
〈Ω〉 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −3

⊗

1 0 0
0 1 0
0 0 −2

⊗

ω 0 0
0 −ω 0
0 0 0

, (33c)
〈Ω′〉 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −3

⊗

ω′ 0 0
0 −ω′ 0
0 0 0

. (33d)
Similar to ΦO’s role in section 4.1, the role of these scalar fields is to shift the positions
of the zero-mode wave functions of normal and unconventional fermions, even those of
quarks and leptons along the extra dimension. That means different left-right separations
for each one of those classes, which would indicate different overlaps and therefore
effective Yukawa couplings.
Let us start with the left-handed zero-mode wave functions. Their equation of motion,
Eq. (30a), now splits into four different equations
∂yξ
q
L
(
y
)
+
[
fShS
(
y
)
+ fThT
(
y
)
+ f ′Th
′
T
(
y
)
+ fSvS − fOδ + XqL
]
ξ
q
L
(
y
)
= 0 , (34a)
∂yξ
Q
L
(
y
)
+
[
fShS
(
y
)
+ fThT
(
y
)
+ f ′Th
′
T
(
y
)
+ fSvS − fOδ + XQL
]
ξQ
L
(
y
)
= 0 , (34b)
∂yξ
l
L
(
y
)
+
[
fShS
(
y
)
+ fThT
(
y
)
+ f ′Th
′
T
(
y
)
+ fSvS − fOδ − 3XqL
]
ξlL
(
y
)
= 0 , (34c)
∂yξ
L
L
(
y
)
+
[
fShS
(
y
)
+ fThT
(
y
)
+ f ′Th
′
T
(
y
)
+ fSvS − fOδ − 3XQL
]
ξLL
(
y
)
= 0 , (34d)
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where
X
q
L
= fΣσ + fΣ′σ
′ + fΩω + fΩ′ω′ , (35a)
XQ
L
= fΣσ + fΣ′σ
′ − fΩω − fΩ′ω′ , (35b)
In Eqs. (34), the superscripts q, l,Q, and L, correspond to normal quark, normal lepton,
unconventional quark and unconventional lepton, respectively.
The two equations of motion for right-handed zero-mode wave functions, Eqs. (30b
and 30c), also split into eight equations for those of quarks and leptons, unconventional
and normal. For ξ
up
R
, we obtain
∂yξ
q,up
R
(
y
)
+
[
hsym
(
y
)
+ fSvS + 2 fOδ + X
q
R
]
ξ
q
R
(
y
)
= 0 , (36a)
∂yξ
Q,up
R
(
y
)
+
[
hsym
(
y
)
+ fSvS + 2 fOδ + X
Q
R
]
ξQ
R
(
y
)
= 0 , (36b)
∂yξ
l,up
R
(
y
)
+
[
hsym
(
y
)
+ fSvS + 2 fOδ − 3XqR
]
ξlR
(
y
)
= 0 , (36c)
∂yξ
L,up
R
(
y
)
+
[
hsym
(
y
)
+ fSvS + 2 fOδ − 3XQR
]
ξLR
(
y
)
= 0 , (36d)
where
X
q
R
= −2 fΣσ + fΣ′σ′ − 2 fΩω + fΩ′ω′ , (37a)
XQ
R
= −2 fΣσ + fΣ′σ′ + 2 fΩω − fΩ′ω′ , (37b)
while for ξdown
R
the same equations are valid with hsym
(
y
) → hasym (y) of Eqs. (31). From
Eqs. (34 and 36), it is clear that due to strong and horizontal symmetry breaking, each type
of left- and right-handed zero mode is localized at different point in the extra dimension.
Therefore, the left-right separations which determine the overlaps would be different for
each type, as we desired. Although Eqs. (34 and 36) seem to suggest that the displace-
ments due to strong and horizontal symmetry breakings are expressed in terms of four
parametersX
q
L
,XQ
L
,X
q
R
, andXQ
R
, there are only two independent parameters involved. For
example, since
X
q
L
+XQ
L
= 2 fΣσ + 2 fΣ′σ
′ , (38a)
X
q
R
+ XQ
R
= −4 fΣσ + 2 fΣ′σ′ , (38b)
once one fixes the two coupling constants and vacua on the right hand side of Eqs. (38),
the X’s can be expressed in terms of each other. That means two of these X’s are indeed
arbitrary and can be viewed as references for the other two.
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Hence, let us set X
q
R
= XQ
R
= 0 and let X
q
L
, XQ
L
be the two independent parameters of
strong and horizontal symmetry breakings, they become
X
q
L
= 3 fΣσ + 3 fΩω , (39a)
XQ
L
= 3 fΣσ − 3 fΩω . (39b)
At this stage and to differentiate the normal fermions from the unconventional ones, we
demand the important phenomenological constraint
fΣσ = fΩω . (40)
This assumption separates the zero-mode wave functions of normal and unconven-
tional SM-type fermions in a fashion that results in stronger left-right overlaps for un-
conventional fermions and consequently higher mass scales. That is what we expect,
since the unconventional fermions have not been experimentally detected yet. With the
constraint of Eq. (40), the two independent distances X
q
L
and XQ
L
become
X
q
L
= 6 fΩω , (41a)
XQ
L
= 0 , (41b)
Therefore, the zero-mode wave functions of left-handed SM-type fermions satisfy
∂yξ
q
L
(
y
)
+
[
fShS
(
y
)
+ fThT
(
y
)
+ f ′Th
′
T
(
y
)
+ fSvS − fOδ + 6 fΩω
]
ξ
q
L
(
y
)
= 0 , (42a)
∂yξ
Q
L
(
y
)
+
[
fShS
(
y
)
+ fThT
(
y
)
+ f ′Th
′
T
(
y
)
+ fSvS − fOδ
]
ξQ
L
(
y
)
= 0 , (42b)
∂yξ
l
L
(
y
)
+
[
fShS
(
y
)
+ fThT
(
y
)
+ f ′Th
′
T
(
y
)
+ fSvS − fOδ − 18 fΩω
]
ξlL
(
y
)
= 0 , (42c)
∂yξ
L
L
(
y
)
+
[
fShS
(
y
)
+ fThT
(
y
)
+ f ′Th
′
T
(
y
)
+ fSvS − fOδ
]
ξLL
(
y
)
= 0 , (42d)
Looking at Eqs. (42b and 42d), one notices that ξQ
L
= ξL
L
. On the other hand, the zero-mode
wave functions for the right-handed SM-type fermions still obey Eqs. (30b and 30c).
4.4. Simplification of numerical algorithm
So far, we have localized SM-type fermions at different points and given different
shapes to the right-handed zero mode wave functions by symmetry breakings along the
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extra dimension. The equations of motion for left- and right-handed zero mode wave
functions can be simplified considerably, for numerical ease, however without affecting
the values of left-right overlaps. To begin with, let us assume
fSvS = −2 fOδ , (43)
which preserves the distance between the left- and right-handed zero modes, however
places the right-handed zero modes at the origin. As the distance and profiles of the zero
modes are the only important factors in determining the overlaps, such assumption only
simplifies numerical procedure.
On the other hand, in analogy with the idea presented in Refs. [1, 9], where the differ-
ence inprofiles for the up anddown sectors of the right-handed zero-modewave functions
is sufficient to describe the sizes of corresponding overlaps, we may also consider
f ′Th
′
T
(
y
)
= − fThT (y) , (44)
which simplifies the left-handed zero-mode wave functions. The dissimilar (narrow and
broad) profiles of the right-handed zero-mode wave functions ξ
up
R
and ξdown
R
remain in
place regardless of the condition of Eq. (44) and since that difference in shapes is what
matters (see Fig. 1), the numerical value of left-right overlaps will not change. With these
simplifications, the equations of motion for zero-mode wave functions read
∂yξ
q
L
(
y
)
+
[
fShS
(
y
) − 3 fOδ + 6 fΩω]ξqL (y) = 0 , (45a)
∂yξ
Q
L
(
y
)
+
[
fShS
(
y
) − 3 fOδ]ξQL (y) = 0 , (45b)
∂yξ
l
L
(
y
)
+
[
fShS
(
y
) − 3 fOδ − 18 fΩω] ξlL (y) = 0 , (45c)
∂yξ
L
L
(
y
)
+
[
fShS
(
y
) − 3 fOδ]ξLL (y) = 0 , (45d)
and
∂yξ
up
R
(
y
)
+
[
fShS
(
y
)
+ 3 fThT
(
y
)]
ξ
up
R
(
y
)
= 0 , (46a)
∂yξ
down
R
(
y
)
+
[
fShS
(
y
) − 3 fThT (y)]ξdownR (y) = 0 . (46b)
In mass scale calculations, we find out that the distances between localized left-handed
and right-handed zero-mode wave functions along the extra dimension are needed. Es-
timating those separations is the subject of the next section.
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4.5. Left-right separations along the extra dimension
The localization process of SM-type fermions involved scalar fields, with classical kink
solutions. The kink solutions, however, yet to be specified. In order to estimate the
left-right separations, we give a Gaussian shape to zero mode wave functions. Let us
consider a linear approximation for the kink solutions, explicitly
hS
(
y
) ≈ µ2Sy , (47a)
hT
(
y
) ≈ µ2Ty . (47b)
In this linear approximation, the equations of motion for the right-handed zero-mode
wave functions, Eqs. (46), become
∂yξ
up
R
(
y
)
+
(
fSµ
2
S + 3 fTµ
2
T
)
yξ
up
R
(
y
)
= 0 , (48a)
∂yξ
down
R
(
y
)
+
(
fSµ
2
S − 3 fTµ2T
)
yξdownR
(
y
)
= 0 , (48b)
The Gaussians defined by Eqs. (48) are clearly localized at y = 0, meaning
y
up
R
= ydownR = 0 , (49)
where y
up
R
corresponds to the location of the right-handed zero modes ofΨ1 (i.e., those of
d, D, ld, and ν) and ydownR refers to the location of the right-handed zero modes of Ψ2 (i.e.,
those of u, U, lu, and l). From Eqs. (48), one clearly sees the shape notion of narrow ξ
up
R
and wide ξdown
R
. The locations of the left-handed zero-mode wave functions, on the other
hand, can be determined from their differential equations, Eqs. (45). Those equations, in
the linear approximation scheme, now read
∂yξ
q
L
(
y
)
+
(
fSµ
2
Sy − 3 fOδ + 6 fΩω
)
ξ
q
L
(
y
)
= 0 , (50a)
∂yξ
Q
L
(
y
)
+
(
fSµ
2
Sy − 3 fOδ
)
ξQ
L
(
y
)
= 0 , (50b)
∂yξ
l
L
(
y
)
+
(
fSµ
2
Sy − 3 fOδ − 18 fΩω
)
ξlL
(
y
)
= 0 , (50c)
∂yξ
L
L
(
y
)
+
(
fSµ
2
Sy − 3 fOδ
)
ξLL
(
y
)
= 0 . (50d)
For our future convenience, let us define
w ≡ 3 fOδ
fΩω
. (51)
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With this definition, The locations of localized left-handed zero-mode wave functions can
be written as
y
q
L
=
fΩω
fSµ2S
(w − 6) , (52a)
yQ
L
=
fΩω
fSµ2S
w , (52b)
ylL =
fΩω
fSµ2S
(w + 18) , (52c)
yLL =
fΩω
fSµ2S
w . (52d)
The superscripts on y’s in Eqs. (52) have the same meanings explained in sections 4.2
and 4.3 for ξ’s. Each location given in Eqs. (52) is applicable to both components of the
left-handed zero-mode wave function doublet to which it refers. Since the mass terms
involve left- and right-handed fields, the relevant wave function separations are those
between the left- and right-handed ones. Using the locations we already found, those
left-right separations can be computed easily. They are
• For normal quarks ∣∣∣∆yq∣∣∣ = ∣∣∣yR − yqL
∣∣∣ =
∣∣∣∣∣∣
fΩω
fSµ2S
(6 − w)
∣∣∣∣∣∣ , (53)
• For normal leptons ∣∣∣∆yl∣∣∣ = ∣∣∣yR − ylL∣∣∣ =
∣∣∣∣∣∣
fΩω
fSµ2S
(w + 18)
∣∣∣∣∣∣ , (54)
• For unconventional quarks and leptons
∣∣∣∆yL∣∣∣ = ∣∣∣∆yQ∣∣∣ = ∣∣∣yR − yLL∣∣∣ = ∣∣∣yR − yQL
∣∣∣ =
∣∣∣∣∣∣
fΩω
fSµ2S
w
∣∣∣∣∣∣ . (55)
In these left-right separations, ∆y’s refer to both up and down sectors of each flavor
doublet and yR = y
up
R
= ydownR . The identical left-right separations of unconventional
quarks and leptons, Eq. (55), imply similar mass scales. Obviously, the magnitude of
such mass scale can be large and remains to be explored. Alternatively, and with the help
of Eqs. (53 and 54), the relation between the wave function separations of quarks and
leptons can be found, i.e., ∣∣∣∆yl∣∣∣ = 3
∣∣∣∣∣w/18 + 11 −w/6
∣∣∣∣∣
∣∣∣∆yq∣∣∣ (56)
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We can also find relationship between the left-right separations of unconventional
fermions and ordinary quarks, i.e.,
∣∣∣∆yQ/L∣∣∣ = ∣∣∣∣ w
6 − w
∣∣∣∣ ∣∣∣∆yq∣∣∣ = 1
4

∣∣∣∆yl∣∣∣∣∣∣∆yq∣∣∣ − 3
 ∣∣∣∆yq∣∣∣ . (57)
Since the left-right separations are determinant factors in mass scale computations,
Eq. (56) implies relationship between the mass scales of ordinary quarks and leptons in
one generation, as fixing one would restrain the other.
This can also be extended to unconventional fermions, as Eq. (57) relates the left-right
separations of unconventional fermions to those of ordinary fermions. Thus the masses
of unconventional fermions cannot just be heavy enough to escape detection; they must
yield meaningful masses for ordinary fermions, as the known physics is concerned.
We have then arrived at a point where the masses of unconventional fermions not only
should comply with the existent experimental check on ordinary quarks and charged
lepton’s masses but they could in principle restrain the mass scales for the neutrino sector
of ordinary leptons, as their left-right separations in the extra dimension restrain the
left-right separations of ordinary leptons including those of neutrinos.
Let us now discuss the possibility of having δ = 0, which we left aside in section 4.1.
Obviously, δ = 0 corresponds to w = 0, which would mean
∣∣∣∆yl∣∣∣ = 3 ∣∣∣∆yq∣∣∣ and ∣∣∣∆yQ/L∣∣∣ = 0.
Phenomenologically, we prefer δ , 0 for the reason that will be clear when we give
numerical results for the mass scales. With a minimum at w = 0, Eq. (56) can be also
written as
∣∣∣∆yl∣∣∣ ≥ 3 ∣∣∣∆yq∣∣∣, which clearly indicates that lepton’s wave function overlaps can
be potentially weaker than those of quarks. This seems plausible knowing the profound
differences between the mass scales of quarks and leptons.
5. RETURN TO FOURDIMENSIONS: THEMASS SCALES
Speaking of SM-type fermion mass terms and mass scales implies that the gauge sym-
metry is reduced to that of the SM and is going to break further down by the SM Higgs
vacuum. A complete analysis of the gauge symmetry breakdown of the model is rather
lengthy and is not consistent with the flow of the paper at this point. However, the nec-
essary scalar fields for the gauge symmetry breakdown and the mixing of charged gauge
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bosons are crucial to our analyses in sections 6 and 7. For that reason and completeness,
a detailed gauge symmetry breakdown is given in Appendix A.
As we only concentrate on the mass scales, we therefore will not discuss issues such as
the fermion mixings in the mass matrix [19]. We follow the mass scale calculations with
some rough numerical analysis.
5.1. Effective Yukawa couplings and the mass scales
Diracmass terms for chiral fermions involve couplings of left-handedand right-handed
fields with a Higgs field, which acquires VEV and breaks the SM symmetry as well. The
minimal SM symmetry breakdown of our model can occur through a Higgs multiplet
transforming as Θ = (1, 8, 8). The decomposition of Θ’s SU(3)L octet in terms of SU(2)L ⊗
U(1)Y multiplets or quantum numbers
[8]SU(3)L = (3, 0) ⊕ (2, 1) ⊕ (2,−1) ⊕ (1, 0) , (58)
shows that Θ indeed possesses a SM Higgs field, which we denote by H = (2, 1). Thus,
Θ can break the SM symmetry and give mass to chiral fermions by developing a VEV in
H. The Yukawa couplings between the left- and right-handed SM-type fermions can be
written in the form
Lmass = κ1ΨT1ΘCΨ∗2 + κ2ΨT1 Θ˜CΨ∗1 + h.c. . (59)
In the above couplings, κ1, κ2 can be different in general, Θ˜ = iλˆ2LΘ∗, and C = iγ2γ0.
The mass terms in Eq. (59) seem compact but they can be expanded very easily. For
example, they yield
Lqmass = κ1 v√
2
u¯LuR − κ2 v√
2
d¯LdR + h.c. , (60)
for normal quarks. These mass expressions have been worked out for transparency in
Appendix A. Similar expressions for other SM-type fermions can be obtained easily.
We assume a delocalized Higgs field along the extra dimension and use its lowest KK
mode, which entirely depends on 4D coordinates. This means that the zero mode of the
Higgs field is independent of y, and can be written as, e.g., H0
(
x, y
)
= Kφ (x). The zero
mode of the SM Higgs field φ, then obtains VEV in the usual form
(
0
v/
√
2
)
.
The mass terms involve Yukawa couplings determining the magnitude of each mass
term. In our model and in four dimensional space, those couplings can be viewed as
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“effective” Yukawa couplings whose strengths are determined by the geometry of the
zero-mode wave functions in the extra dimension. The reduction to 4D space is simply
done by integrating the extra dimension out, and that is how the couplings in mass terms
become “effective” 4D Yukawa couplings.
Mass scales can be computed from the mass terms in Eq. (59). To proceed, we define
dimensionless couplings
gY1,2 = κ1,2K . (61)
The relationship between the mass scales and the mass matrix is given by
M = ΛM , (62)
whereM is a dimensionlessmatrix, whose formdepends on themodel for fermionmasses.
In our case, we may write explicitly
Mu,d,ν,l,U,D,lu,ld = Λu,d,ν,l,U,D,lu,ldMu,d,ν,l,U,D,lu,ld , (63)
where Λu,d,ν,l,U,D,lu,ld are the mass scales of interest and the subscripts refer to the SM-type
fermions of the theory. The mass scales in 4D space are proportional to the 4D effective
Yukawa couplings, which in turn are proportional to the overlaps between the relevant
left- and right-handed zero-mode wave functions in the extra dimension. Therefore, they
simply are
Λu =
v√
2
gY1
∫ L
0
dyξ
q
L
(
y
)
ξdownR
(
y
)
; Λd =
v√
2
gY2
∫ L
0
dyξ
q
L
(
y
)
ξ
up
R
(
y
)
, (64)
Λν =
v√
2
gY2
∫ L
0
dyξlL
(
y
)
ξ
up
R
(
y
)
; Λl =
v√
2
gY1
∫ L
0
dyξlL
(
y
)
ξdownR
(
y
)
, (65)
ΛU =
v√
2
gY1
∫ L
0
dyξQ
L
(
y
)
ξdownR
(
y
)
; ΛD =
v√
2
gY2
∫ L
0
dyξQ
L
(
y
)
ξ
up
R
(
y
)
, (66)
Λlu =
v√
2
gY1
∫ L
0
dyξLL
(
y
)
ξdownR
(
y
)
; Λld =
v√
2
gY2
∫ L
0
dyξLL
(
y
)
ξ
up
R
(
y
)
. (67)
Note that the left-handed ξL’s appearing in Eqs. (64) are no longer doublets, but the
relevant components of those doublets. The fact is that the geometry of each flavor
component is the same as that assigned to the corresponding doublet. As we are only
concerned with the geometry of zero-mode wave functions, we do not introduce new
notation for the flavor components, as if they were the relevant doublets. There are two
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possibilities that one can explore: gY1 = gY2 and gY1 , gY2. The relationships between the
mass scales may depend on those choices.
1. gY1 = gY2 : One can write all sorts of ratios, which would only depend on wave
function overlaps. For example, we can write ratios relating mass scales of two
sectors of one family, or ratios involving mass scales from different families. Some
of those ratios are
Λd
Λu
=
∫ L
0
dyξ
q
L
(
y
)
ξ
up
R
(
y
)
∫ L
0
dyξ
q
L
(
y
)
ξdown
R
(
y
) , (68a)
Λν
Λl
=
∫ L
0
dyξlL
(
y
)
ξ
up
R
(
y
)
∫ L
0
dyξl
L
(
y
)
ξdown
R
(
y
) , (68b)
ΛD
ΛU
=
∫ L
0
dyξQ
L
(
y
)
ξ
up
R
(
y
)
∫ L
0
dyξQ
L
(
y
)
ξdown
R
(
y
) , (68c)
Λν
Λu
=
∫ L
0
dyξlL
(
y
)
ξ
up
R
(
y
)
∫ L
0
dyξ
q
L
(
y
)
ξdown
R
(
y
) , (68d)
Λl
Λu
=
∫ L
0
dyξlL
(
y
)
ξdownR
(
y
)
∫ L
0
dyξ
q
L
(
y
)
ξdown
R
(
y
) , (68e)
ΛD
Λu
=
∫ L
0
dyξQ
L
(
y
)
ξ
up
R
(
y
)
∫ L
0
dyξ
q
L
(
y
)
ξdown
R
(
y
) , (68f)
ΛU
Λd
=
∫ L
0
dyξQ
L
(
y
)
ξdownR
(
y
)
∫ L
0
dyξ
q
L
(
y
)
ξ
up
R
(
y
) , (68g)
Λν
ΛU
=
∫ L
0
dyξlL
(
y
)
ξ
up
R
(
y
)
∫ L
0
dyξQ
L
(
y
)
ξdown
R
(
y
) , (68h)
Λl
ΛD
=
∫ L
0
dyξlL
(
y
)
ξdownR
(
y
)
∫ L
0
dyξQ
L
(
y
)
ξ
up
R
(
y
) . (68i)
One notices that the ratios involving unconventional leptons are identical to those
of unconventional quarks, since they share the same left-handed wave functions
and the same separations.
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2. gY1 , gY2: In this case, we may still find some ratios, depending only on wave
function overlaps. They are
Λl
Λu
=
∫ L
0
dyξlL
(
y
)
ξdownR
(
y
)
∫ L
0
dyξ
q
L
(
y
)
ξdown
R
(
y
) , (69a)
Λν
Λd
=
∫ L
0
dyξlL
(
y
)
ξ
up
R
(
y
)
∫ L
0
dyξ
q
L
(
y
)
ξ
up
R
(
y
) , (69b)
ΛU
Λu
=
∫ L
0
dyξQ
L
(
y
)
ξdown
R
(
y
)
∫ L
0
dyξ
q
L
(
y
)
ξdown
R
(
y
) , (69c)
ΛD
Λd
=
∫ L
0
dyξQ
L
(
y
)
ξ
up
R
(
y
)
∫ L
0
dyξ
q
L
(
y
)
ξ
up
R
(
y
) , (69d)
Λl
ΛU
=
∫ L
0
dyξl
L
(
y
)
ξdown
R
(
y
)
∫ L
0
dyξQ
L
(
y
)
ξdown
R
(
y
) , (69e)
Λν
ΛD
=
∫ L
0
dyξlL
(
y
)
ξ
up
R
(
y
)
∫ L
0
dyξQ
L
(
y
)
ξ
up
R
(
y
) . (69f)
So far,wehave been able tofind relationships between themass scales of the fermions of
interest. However, there exist parameters in these relations, which need to be determined
in order to give numerical results. In the next section, we attempt to expressmass scales in
terms of the mass scales of up- and down-sectors of ordinary quarks and charged-sector
of ordinary leptons by fixing some of the parameters and deriving others.
5.2. Numerical analysis
To obtain numerical values for the mass scales of neutrino and unconventional
fermions, we first need to specify the analytical expressions for the zero mode wave
functions involved in the overlap integrals. To start, let us consider the general case of
w , 0. For the left- and right-handed zero-mode wave functions, we employ the same
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expressions as those used in Refs. [1, 9, 18]. The left-handed zero mode wave functions
are
ξiL
(
y
)
= NiL exp
[
−CS ln
(
cosh
(
µS
(
y − yi)))], (70)
where i = q, l,Q, L, and NL’s are normalization factors, CS = fS
√
2/λS, and yi’s are the
positions of the left-handed zero modes along the extra dimension. The right-handed
zero mode wave functions, which are slightly more complicated, are expressed in the
form
ξ
up
R
(
y
)
= N
up
R
exp
[
−
(
CS ln
(
coshµSy
)
+ CT ln
(
coshµTy
))]
, (71a)
and
ξdownR
(
y
)
= NdownR exp
[
−
(
CS ln
(
coshµSy
) − CT ln (coshµTy))], (71b)
whereNR’s are normalization factors andCT = 3 fT
√
2/λT. Note thatCS andCT contain fac-
tors from both the Yukawa couplingwith fermions fS,T, and the scalar field self-interaction
λS,T.
To calculate the mass scales of interest, we note that the mass scale ratios of ordinary
quarks and leptons may be estimated from the experimental values for mass eigenstates
(we shall elucidate this issue momentarily). Therefore, we can use the estimated value of
Λd/Λu in conjunction with the relevant mass scale ratio of Eq. (68a) to obtain the quark
left-right separation, ∆yq. In addition, we may use the estimated value of Λl/Λd and the
ratio in Eq. (68e) to find the lepton left-right separation, ∆yl, which in turn can determine
the mass scale of Dirac neutrino, say using Eqs. (68b,68d). Once ∆yq and ∆yl are known,
we can find the unconventional fermion left-right separation, using Eq. (57), in the linear
approximation scheme of section 4.5. Consequently, we can estimate unconventional
fermion mass scales, say using Eqs. (68f,68g,68i).
The outlined numerical methodmakes use of the ratios of Eqs. (68), which are obtained
assuming that gY1 = gY2. It turns out that gY1 , gY2 case gives the same mass scales,
however with a bit different numerical approach. We shall explain this at the closing of
this section.
To evaluate the mass scales, we need to fix some of the parameters in zero-mode wave
function expressions, Eqs. (70 and 71), and vary some. Since the difference between
CS ln
(
coshµSy
)
and CT ln
(
coshµTy
)
, in Eqs. (71), is what matters, we choose CS = CT = 1,
set µS = 1 (in some units) and let µT vary. Therefore, for a given µT wemay find the quark
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and lepton left-right separations that satisfy the phenomenological constraints and use
those separations to estimate the Dirac neutrino and unconventional fermionmass scales.
Technically speaking, varying µT means varying thewidth of the right-handed zero-mode
wave functions; therefore we look for width-separation combinations that would satisfy
the estimated mass scale ratios.
To estimate the phenomenological constraints on the mass scale ratios, we need to
make an assumption concerning the nature of mass matrices of up- and down-quark
sectors and charged-lepton sector of ordinary fermions. The mass matrixM, is related to
the mass scale Λ, through the expression
M = ΛM , (72)
whereM is adimensionlessmatrix. Obviously,mass scaleΛ is a common factor in themass
matrix andM, which determines the flavor mixings and masses, is to be specified by the
model describing the mass issues. We shall not engage in discussing mass matrices here,
as the subject itself is rich and well beyond the scope of this work. Nevertheless, to relate
themass scales of up-quark, down-quark and charged-lepton sectors of ordinary fermions
to experimentally measuredmass eigenvalues, a general case could be considered, where
the relevant mass scales lie within two bounds, namely
mt
3
6 Λu 6 mt,
mb
3
6 Λd 6 mb,
mτ
3
6 Λl 6 mτ,
(73)
where mt, mb, and mτ are the largest eigenvalues of up-quark, down-quark and charged-
leptonmassmatrices, respectively. The lowerbounds correspond topuredemocraticmass
matrices [20], which are impractical since they cannot replicate propermass spectrum and
CKM matrix. The upper bounds, on the other hand, refer to “highly hierarchical” mass
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TABLE I: Values of µT, ∆yl, ∆yq, and ∆yL,Q that give meaningfull results in accordance with the
phenomenological constraints of Eqs. (76). Each set of values is labeled with a roman letter.
µT
∣∣∣∆yl∣∣∣ ∣∣∣∆yq∣∣∣ ∣∣∣∆yQ/L∣∣∣
a 0.81 31.360 6.940 2.635
b 0.80 30.200 7.000 2.300
c 0.79 29.170 7.070 1.990
d 0.75 24.715 7.530 0.531
e 0.73 24.115 7.690 0.211
f 0.70 23.285 7.815 0.040
matrices4, where the largest eigenvalues are approximately equal to the mass scales, i.e.,
Λu ≈ mt ,
Λd ≈ mb ,
Λl ≈ mτ .
(74)
To carry out the mass scale calculations, we consider this highly hierarchical scheme.
We will come back to Eqs. (73) and the mass scales within the two bounds, which do not
correspond to pure democratic mass matrices.
We employ the masses of top and bottom quarks and tau lepton atMZ for mt, mb, and
mτ, and to simplify our numerical computations ignore any running betweenMZ and the
early unification scale. That seems plausible as the early unification scale is not much
higher thanMZ, meaning that there would not be much of a “running.” We use
mt (MZ) = 181 GeV,
mb (MZ) = 3 GeV,
mτ (MZ) = 1.747 GeV.
(75)
Therefore, the phenomenological constraints on the mass scale ratios can be written as
Λd
Λu
≈ mb (MZ)
mt (MZ)
≈ 0.0166, (76a)
4 There have been a lot of works done on hierarchical mass matrices, which span from phenomenological
to superstring theory inspired models. See Ref. [21] for a mini review and references therein.
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TABLE II: Predicted mass scales for Dirac neutrino Λν, and unconventional quarks ΛU, ΛD, and
leptons Λlu , Λld . Note that ΛU ≈ Λlu and ΛD ≈ Λld and that each label in the left column refers to
the corresponding set of parameters in Table I.
Λν (eV) ≈ ΛU (GeV) ≈ ΛD (GeV) ≈
a 0.065 406 181
b 0.23 456 252
c 0.67 513 336
d 23 802 791
e 87 988 1053
f 486 1321 1435
and
Λl
Λu
≈ mτ (MZ)
mt (MZ)
≈ 0.00965. (76b)
With the mass scale ratios of Eqs. (76), the left-right separations of normal quarks and
leptons are at grab, which then lead us to the left-right separation for unconventional
fermions and finally the mass scales for neutrino and unconventional fermions.
It turns out that there are a few width-separation combinations that satisfy the phe-
nomenological constraints. Consequently, there will be a few sets of mass scales for
neutrino and unconventional fermions which in turn imply a relationship between the
masses. The possible values of µT, ∆yl, ∆yq, and ∆yL,Q, which satisfy the phenomenologi-
cal conditions are listed in Table I for completeness. The left-right separations of Table I
demonstrate a hierarchy in the form ∆yl > ∆yq > ∆yL,Q, which means a hierarchy in
overlaps where the largest is that of unconventional fermions and the smallest belongs to
ordinary leptons.
With the values of Table I, the left- and right-handed zero mode wave functions are
specified and finally the mass scales of Dirac neutrino and unconventional fermions for
each allowed case can be determined. Those mass scales are listed in Table II for each
allowed set of parameters.
Looking at Table II, it is obvious that the mass scales of neutrino and unconventional
fermions increase monotonically together. One can argue that there is a correlation
between themasses of neutrino and those of unconventional fermions, such that themass
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of one can set a bound on the mass of the other. For instance, we could start with a mass
scale for unconventional fermions and find the corresponding left-right separation, which
together with quark left-right separationwould determine that of lepton and therefore the
mass scale of neutrino. Such relationship can also be seen, however naively, by looking
at Eq. (68h) where the mass scales of one sector can set a bound on another.
The neutrino oscillation data provide mass differences between the neutrinos of
different families. The most recent data [22] on neutrino mass differences indicate
∆m2
21
=
(
8.0+0.4−0.3
)
× 10−5 eV2 and
∣∣∣∆m2
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∣∣∣ = 1.9 to 3.0 × 10−3 eV2.
The neutrino mass scales of of Table II increase with those of unconventional fermions.
One could see two distinct possibilities by looking at ∆m2
21
and
∣∣∣∆m232
∣∣∣, namely:
1. For the lightest unconventional fermions, i.e., mass scales not smaller than 180
GeV, the neutrino sector is very light, about 0.065 eV. That corresponds to either
quasi-degenerate or hierarchical mass matrix for neutrinos.
2. For heavier unconventional fermions, i.e., mass scales between 250 and 500 GeV,
the neutrino sector is light, ranging between 0.2 and 0.7 eV. In this case the neutrino
mass matrix ought to be quasi-degenerate in order to satisfy the neutrino oscillation
data.
The mass scales in Table II are similar to those obtained in Ref. [1] based on PUT1
scenario. This similarity ismainly due to the common strong SU(4)PS group. The breaking
of this symmetry in the extra dimension yields similar relations between the left-right
distances of quarks and leptons. Nevertheless, the actual masses for unconventional
fermions in each scenario can be different in principal, as the mass matrices can be
different.
In obtaining the mass scales of Table II, we assumed highly hierarchical mass matri-
ces for up-quark, down-quark and charged-lepton sectors of ordinary fermions, which
resulted in phenomenological conditions of Eqs. (76). However, between the two bounds
defined by Eqs. (73), the corresponding mass matrices are no longer purely democratic
[23]. There are models (e.g., those in Refs. [24]) where the mass matrices deviate enough
from pure democratic case that can generate suitable mass spectrum and CKMmatrix. In
those models, the mass scales of interest can be taken nearly as low as half of the largest
eigenvalues. In such regime, we end up with mass scales at least half of those given
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in Table II, which make the degeneracy of neutrino sector for heavier (250 - 500 GeV)
unconventional fermions seem less reflective.
Let us talk about the possible mass scales that can be computed whenw = 0. Although
such case simplifies the relation between the left-right separations of ordinary quarks and
leptons, it yields ordinary charged lepton with mass scale in order of 11 GeV. That alone
is sufficient to dismiss the w = 0 case, as Ref. [1] also suggests.
Now that we know w = 0 leads to unphysical mass scales, we may explain the nu-
merical method for computing mass scales if we were to use the ratios in Eqs. (69) when
gY1 , gY2, which would only make sense if w , 0. Similar to gY1 = gY2 case, the ratios of
Eqs. (69) should also comply with the corresponding estimated ratios. That, nevertheless,
requires adjusting the left-right separations of quarks and leptons accordingly (e.g., to fix
the ratio in Eq. (69a)), which means varying one more parameter and that is w. Once ∆yl
and ∆yq are known, ∆yQ/L can be estimated and then the mass scales of interest can be
evaluated.
A few remarks are in order here. If the unconventional fermions are very heavy,
the neutrinos are quasi-degenerate. That would imply that the mixing angles in PMNS
matrix [25] will be mainly determined by the angles of the charged lepton sector. If the
unconventional fermions are lighter, it would imply that the mixing angles could come
from both charged lepton and neutrino sectors, since the neutrino sector could also be
hierarchical in this case.
6. CONSTRAINTS FROM PRECISION ELECTROWEAKMEASUREMENTS
The oblique corrections to the SM are best presented in terms of the so-called elec-
troweak oblique parameters S, T, andU [26]. They are primarily defined for sorts of new
physics that have no or insignificant direct couplings to the SM particle content and have
mass scales larger thanMZ.
Of these parameters, U plays a relatively minor role and is not linked to any precision
measurement but that of MW. The other two, however, are strongly correlated and
important in limiting the type of new physics that could couple to the SM. To give a
conceptual sense, S measures the momentum dependence of the vacuum polarization
and T measures the custodial isospin violation.
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The new physics corrections to oblique parameters in our model come from the SM-
type unconventional fermions, and the scalars of the theory, since the vector-like fermions
decouple for large vector-like masses (decoupling theorem).
The experimental values of oblique parameters refer to the allowed contributions from
new physics with respect to the SM reference point. The latest experimental values of
oblique parameters are [22]
S = −0.13 ± 0.10 (−0.08) , (77a)
T = −0.13 ± 0.11 (−0.09) , (77b)
U = 0.20 ± 0.12 (+0.01) , (77c)
where the central values assume the SM Higgs mass MH = 117 GeV, and the values in
parentheses show the change forMH = 300 GeV.
The custodial isospin symmetry constraint presented by T, forbids too much of a
difference between the masses of U, lu and D, ld respectively. This will have implications
on the decay modes of unconventional fermions, as it constrains the phase space for
decays such as U→ D +WL or D→ U +WL happening in realWL’s.
The S parameter, on the other hand, can be estimated for our model. For fermionic
contribution to S, we note that the mass scales give the maximum masses for unconven-
tional fermions and therefore their maximum contributions to S. The total S from one
extra generation of fermions can be estimated that way, i.e.,
S =
1
6pi
[
16xU + 32xD + 2 ln
xU
xD
+ (4xU − 1)G (xU) + (8xD + 1)G (xD)
]
, (78)
with
xU =
MU
MZ
≈ Mlu
MZ
and xD =
MD
MZ
≈ Mld
MZ
.
This expression obviously depends only on the masses of unconventional fermions
for which we use the calculated mass scales. The derivation of Eq. (78) is given in
Appendix B, for completeness. The minimum and maximum fermionic contributions
to the electroweak S parameter, obtained using the computed mass scales as maximum
masses, are given in Table III. The S values in Table III indicate 0.391 ≥ S ≥ 0.195, form
one generation of unconventional fermions. If we assume generational mass degeneracy
among the three generations of unconventional fermions, the total fermionic correction
to S can reach up to three times those values.
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TABLE III: Minimum and maximum values of electroweak S parameter from one generation of
unconventional fermions for given masses.
MU(GeV) MD(GeV) S
406 181 0.391
1321 1435 0.195
Correction to electroweak S parameter from scalar fields, generally, takes negative
sign [27, 28]. The scalar contributions to S come from the Higgs multiplets responsible
for the gauge symmetry breakdown (see Appendix A). The gauge symmetry breaking of
our model involves many scalar multiplets. However, only those with SU(2)L quantum
number can contribute to S. Those are ΦL = (1, 8, 1), Φ
(2)
H
= (4, 3, 3), and Θ = (1, 8, 8). In
terms of their SU(2)L multiplets, the scalar fields which carry SU(2)L quantum number
consist of 9 triplets and 18 doublets. The computations of scalar corrections to S, in the
paradigm of Ref. [28], are given in detail in Appendix B. The S parameter due to an
SU(2)L doublet with mass m and mass splitting parameter m
′ ≥ 0 is
Sdoublet =
1
pi
∫ 1
0
dx x (1 − x) ln (x + ζ (1 − x)) , (79)
where ζ =
(
1 − 3β2/2)/(1 + β2/2) with β = m′/m. For an SU(2)L triplet with mass m and
mass splitting parameter m′ ≥ 0, contribution to S is
Striplet =
2
9pi
{
1
3
ln ζ + 8
∫ 1
0
dx x (1 − x) ln (x + ζ (1 − x))
}
, (80)
where ζ =
(
1 − 2β2)/(1 + β2)with β = m′/m. The integrals in Eqs. (79 and 80) can be easily
computed, which yield S parameters that depend only on β for each scalar multiplet.
Figure 2 shows the dependence of those S parameters on β. Since the S parameters in
Fig. 2 are bounded from above, at β = 0, the contribution from the scalars of the theory
is net negative. The total contribution from the scalar fields to S, however, is a sum of all
scalar contributions. As the β parameter for each scalar multiplet is not known, we may
only speak of the bounds the total scalar contribution should lie within, namely
0 > Sscalars > −3.13 . (81)
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FIG. 2: Electroweak S parameter from left-handed doublet and triplet scalars: thick solid line,
left-handed triplet; thin solid line, left-handed doublet.
To be inclusive, we may also consider the contribution from a heavy SMmodel Higgs5
toS, which canbepositive dependingon itsmass. This contribution, however, is relatively
small even for an exotic Higgs with 1 TeV mass, where it can reach up to 0.06. With such
contribution, if heavy SM Higgs exists at all, it would not change the maximum negative
S provided by other scalars, significantly. On the other hand, the fermionic contribution
to S from three generations of unconventional fermions is within
1.17 > Sfermions > 0.58 . (82)
The positive contribution from unconventional fermions obviously violates the exper-
imental bounds. Nonetheless, the negative scalar contribution to S has the potential to
bring the total S in agreement with the experimental constraint on new physics, given
in Eq. (77a). Therefore, the notion of three extra generations of heavy fermions can, in
principal, be accommodated within the model.
5 By heavy SM Higgs, we mean heavier than the 300 GeV Higgs for which the experimental S value is
provided in Eq. (77a).
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7. THE DECAY OF UNCONVENTIONAL FERMIONS
Although unconventional fermions can have transitions involving ordinary fermions
via SU(4)PS and SU(3)H mediated processes, the lightest unconventional fermion cannot
decay into light ordinary fermions, even through weak channels. That poses an alarming
danger: a stable unconventional fermion. There are stringent constraints on heavy stable
fermions (quarks or leptons) from cosmology (e.g., nucleosynthesis) and earth-based
experiments. Those constraints are discussed in length in Ref. [29] and the references
therein.
Fortunately, the decay of the lightest unconventional fermion is possible via themixing
among the charged gauge bosons. Suchmixing is possible throughΘ’s VEV, which mixes
the charged gauge bosonsW±µH andW
±
µL, since it carries SU(2)L and SU(2)H quantum num-
bers. This mixing has been discussed in Appendix A, where its rather long expressions
are given for completeness.
The mixing between the charged gauge bosons corresponds to an equivalent mixing
among the relevant currents as well. If we denote gauge eigenstates of charged bosons by
W±µH andW
±
µL, andmass eigenstates by W˜
±
µH and W˜
±
µL, wemaywrite (tofirst approximation)
W˜±µL =W
±
µL + O
(
v2
v
′2
H
)
W±µH , (83a)
W˜±µH =W
±
µH + O
(
v2
v
′2
H
)
W±µL , (83b)
where v and v′H are the VEV’s of the SM Higgs H, and the horizontal breaking Higgs
Φ
(2)
H
, respectively. Let us also denote currents coupled to gauge eigenstates by JµH and
JµL, and those coupled to mass eigenstates by J˜µH and J˜µL. The same matrix that connects
the gauge and mass eigenstate charged bosons relates the corresponding currents to each
other as well. Therefore, we have
J˜µL = JµL + O
(
v2
v
′2
H
)
JµH , (84a)
J˜µH = JµH +O
(
v2
v
′2
H
)
JµL . (84b)
The consequent interaction terms are then given by
LL = gW J˜µLW˜µL = gW
[
J
µ
L
+ O
(
v2
v
′2
H
)
J
µ
H
]
W˜µL, (85a)
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and
LH = gW J˜µHW˜µH = gW
[
J
µ
H
+ O
(
v2
v
′2
H
)
J
µ
L
]
W˜µH. (85b)
The interaction term of Eq. (85a) portrays how the lightest unconventional fermion, in
JµH, can couple to W˜
±
µL and therefore decay into ordinary fermions. The decay mechanism
falls within one of the two possibilities:
1. The mass of the lightest unconventional fermion is large enough to decay into
a real W˜L and a regular fermion, according to gWO
(
v2
/
v
′2
H
)
J
µ
H
W˜µL. Although the
O
(
v2
/
v
′2
H
)
factor is small, the corresponding decay rate can be sizeable, since the
unconventional fermion decays into a real W˜L.
2. The mass of the lightest unconventional fermion is not large enough to decay into a
real W˜L and a regular fermion. In that case, W˜L would be virtual and the interaction
involves a W˜L propagator, i.e.,
Lint ∼ g2WO
(
v2
v
′2
H
)
J
µ†
L
1
p2 −M2
W˜L
JµH.
The fermions appearing in JµL and JµH should be expressed in terms ofmass eigenstates.
This means new mixing angels, which are totally different from the known CKM matrix
elements. Thus, the computation of the lifetimes of unconventional fermions involves
unknown mixing angels; one could only have a rational estimate for.
To estimate the lifetime anddecay length of the lightest unconventional fermion, which
is the long-livedone, wenote that the dominantdecay is that into a real W˜L . For illustration
purposes, let us assume that the lightest unconventional quark and lepton are D and ld,
respectively. Their dominant decay modes would be
D
(
−4
3
)
→ d j
(
−1
3
)
+ W˜−L , (86a)
ld (1)→ νk (0) + W˜+L , (86b)
where j = d, s, b, and k = e, µ, τ, and all fermions ought to be mass eigenstates. The decay
widths can be found easily. For md j,νk ≪ mD,ld , the decay widths are simply given by
ΓD =
GFm
3
D
8pi
√
2
∣∣∣∣∣∣O
(
v2
v
′2
H
)∣∣∣∣∣∣
2 ∣∣∣VQ∣∣∣2
1 +
2M2
W˜L
m2
D

1 −
M2
W˜L
m2
D

2
, (87a)
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Γld =
GFm
3
ld
8pi
√
2
∣∣∣∣∣∣O
(
v2
v
′2
H
)∣∣∣∣∣∣
2
|VL|2
1 +
2M2
W˜L
m2
ld

1 −
M2
W˜L
m2
ld

2
. (87b)
The factors VQ and VL are the relevant elements of matrices VQ = U
−1
D
UU and
VL = U
−1
ld
Ulu , which describe the mixings among the unconventional quarks and lep-
tons, respectively. To be precise, UU, UD and Ulu , Uld are matrices which diagonalize the
up-, down-sector of unconventional quarks and leptons, respectively. To obtain an esti-
mate, let us take a rational value for the masses of D and ld, namely mD ≈ mld ≈ 250 GeV
and apply realistic assumption O
(
v2
/
v
′2
H
)
≈ 10−2. Then typical lifetimes for the lightest
unconventional fermions can be estimated
τD ≈ 1.3 × 10−21
∣∣∣VQ∣∣∣−2 s , (88a)
τld ≈ 1.3 × 10−21 |VL|−2 s . (88b)
These lifetimes are obviously short, which indicate that unconventional fermions decay
fast and therefore pose no cosmological problems, unless themixing factors are peculiarly
small. A typical decay length for the lightest unconventional quark and lepton can also
be estimated from the lifetimes of Eqs. (88), they are
lD ≈ 400
∣∣∣VQ∣∣∣−2 fm , (89a)
lld ≈ 400 |VL|−2 fm , (89b)
which also depend on the mixings VQ andVL. To summarize, we showed that the lightest
of unconventional quarks or leptons will not be stable and can decay through the mixing
among the horizontal and left-handed charged gauge bosons. Very short lifetimes (for
reasonably small mixings) are possible for the longest-lived unconventional fermions,
which alleviate cosmological concerns on heavy stable fermions.
8. SUMMARY
We examined the idea of early quark-lepton mass unification through one of petite unifi-
cation models PUT2 = SU(4)PS ⊗ SU(3)L ⊗ SU(3)H.
For this we embedded PUT2 into a 5D model, in brane world picture. The petite
unification scenario calls for new chiral fermions with unconventional charges. The
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philosophy was that the sizes of 4D couplings in chiral fermion mass terms are controlled
by the left-right overlaps between the corresponding localized fermions along the extra
dimension. The magnitudes of these overlaps are set by the geometry of the localized
zero modes in the extra dimension. We chose to establish such geometry by reducing the
symmetry of the model to that of the SM. This way the quark-lepton unification structure
translates into the geometry of the localized zero modes and yields a quark-lepton mass
unification structure. This idea therefore sets the symmetry breakings along the extra
dimension in motion systematically.
As a result, the effective Yukawa couplings of quarks and leptons even those of un-
conventional fermions and the SM fermions relate to each other. A numerical estimation
of mass scales showed that the unconventional fermion mass scales can set bounds on
the mass scales of Dirac neutrino and vice versa. For example, light unconventional
fermions (up to 500 GeVmass scales) set 1 eV bound on neutrino mass scale, which imply
a near-degenerate mass matrix for neutrino sector. On the other hand, lighter unconven-
tional fermions (as light as 180 GeV) yield light (less than 0.1 eV) neutrino sector, which
corresponds to a hierarchical or near-degenerate mass matrix for neutrinos.
Themass scales obtained in this model are similar to those of PUT1. The strong SU(4)PS
is the common group of PUT scenarios. The unconventional quarks and leptons are
connected to their normal siblings through the quartets of this group in both scenarios.
Breaking SU(4)PS along the extra dimension results in similar relations between the left-
right separations of quarks and leptons and that translates into similar mass scales for
both models.
We computed the contributions of extra heavy fermions and scalars of the model to
the electroweak oblique parameter S, and showed that the extra generations of heavy
fermions may not violate the experimental bounds on new physics, in principle.
The issue of the decay of the lightest unconventional fermion was also discussed.
We showed that the lightest unconventional fermion is indeed unstable, as it decays to
ordinary fermions through the mixing of charged gauge bosons. The estimated lifetimes
for the lightest unconventional quark and lepton also appeared to be small enough to
comply with the cosmological bounds on stable heavy fermions.
In addition, we discussed the gauge symmetry breaking of the model in length, where
the mixings of neutral and charged gauge bosons of the model were explained explicitly.
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APPENDIX A: THE GAUGE SYMMETRY BREAKDOWNOF THEMODEL
In this appendix, we describe the gauge symmetry breaking of our model in 4D space
down to SU(3)c⊗U(1)EM. We follow the gauge symmetry breaking pattern given in section
2, Eqs. (3), and describe the symmetry breakings, as usual, by scalar Higgs fields with
non-zero VEV’s.
1. Strong breakdown
The strong breakdown of PUT2, at energy scale M, can be accomplished by a Higgs-
field multiplet, which we denote by ΦPS = (15, 1, 1). The VEV of this Higgs field, must
leave the QCD gauge group unbroken, decouple the color quark triplet from the lepton
color singlet in the SU(4)PS fundamental representation, and givemass to six intermediate
(lepto-quark) gauge bosons of SU(4)PS symmetry. The lepto-quark gauge bosons in terms
of SU(4)PS gauge bosons A
j
µS
are
X±µ1 =
1√
2
(
A9µS ∓ iA10µS
)
,
X±µ2 =
1√
2
(
A11µS ∓ iA12µS
)
,
X±µ3 =
1√
2
(
A13µS ∓ iA14µS
)
.
(A1)
They carry electric charge ±4/3 and receive mass from the VEV of ΦPS. The covariant
derivative of SU(4)PS ⊗ SU(3)L ⊗ SU(3)H is
Dˆµ = ∂µ + igSAˆµS + igWAˆµL + igWAˆµH , (A2)
where AˆµS =
15∑
j=1
Tˆ jA
j
µS
and AˆµL,H =
8∑
j=1
Fˆ jA
j
µL,H with Tˆ j and Fˆ j being the generators of SU(4)
and SU(3) algebras. The lepto-quark mass terms come from the kinetic energy of the
Higss field ΦPS, i.e.,
LΦPS,kin = Tr
(∣∣∣DµΦPS∣∣∣2
)
=
1
2
Tr
(∣∣∣∣∂µΦPS + igS [AˆµS,ΦPS]
∣∣∣∣2
)
. (A3)
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Once ΦPS attains VEV
〈ΦPS〉 = vPS

1
3
0 0 0
0 1
3
0 0
0 0 1
3
0
0 0 0 −1

, (A4)
the lepto-quark gauge bosons receive mass in the form
LX,mass = 4
9
g2Sv
2
PS
3∑
j=1
∣∣∣Xµ j∣∣∣2 = M2X
3∑
j=1
∣∣∣Xµ j∣∣∣2, (A5)
whereMX = 2gSvPS
/
3 and j refers to the color degree of freedom.
2. Weak breakdown
Right above the next symmetry breaking scale M˜, the gauge group that needs to be
broken is U(1)S⊗SU(3)L⊗SU(3)H. The breaking of this group should furnish the generator
of the SM’s weak hypercharge group YˆW = CSTˆ15PS+CLTˆ8L+C1HTˆ8H+C2HTˆ3H. This means
that at least one of the Higgs fields for such breaking must have non-vanishing U(1)S
quantum number. The breaking of SU(3)L into SU(2)L ⊗ U(1)L can be done by the Higgs
field ΦL = (1, 8, 1). The VEV of ΦL should decouple the left-handed doublet from the
singlet in SU(3)L fundamental representation [see, e.g., Eqs. (13)] and give mass to four
intermediate gauge bosons of SU(3)L symmetry. Therefore, its VEV should take on the
eighth direction of the multiplet. The intermediate gauge bosons can be written in terms
of SU(3)L gauge fields A
j
µL, i.e.,
V±µ1 =
1√
2
(
A4µL ∓ iA5µL
)
,
V±µ2 =
1√
2
(
A6µL ∓ iA7µL
)
.
(A6)
The covariant derivative of SU(3)c ⊗ SU(3)L ⊗ SU(3)H ⊗U(1)S is
Dˆµ = ∂µ + ig3Gˆµ + igWAˆµL + igWAˆµH + ig˜SYˆSA˜µS , (A7)
where G
j
µ are gluon fields and A˜µS is the neutral gauge boson of U(1)S. As usual, the mass
terms of V±µ j come from the kinetic energy of ΦL, which is in the form Tr
(∣∣∣DµΦL∣∣∣2
)
. With
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ΦL taking VEV in the form
〈ΦL〉 = vL

1 0 0
0 1 0
0 0 −2

, (A8)
the mass of Vµ j fields easily turns out to beMV = 3gWvL
/
2.
The symmetry breaking of SU(3)H, on the other hand, needs to have non-vanishing
U(1)S and U(1)L quantum numbers, so that at the end three of four neutral gauge bosons
acquire masses and the weak hypercharge gauge boson, Bµ, emerges as a massless field.
One economical scenario for SU(3)H symmetry breaking in two steps can consist of Higgs
field multiplets Φ(1)
H
= (1, 1, 8) and Φ(2)
H
= (4, 3, 3). In the first step, Φ(1)
H
breaks SU(3)H
into SU(2)H ⊗ U(1)H and then Φ(2)H destroys the horizontal symmetry completely. The
VEV of Φ(1)
H
should take on the eighth direction of the multiplet to decouple SU(2)H and
U(1)H subgroups. In addition, Φ
(1)
H
’s VEV gives mass to four intermediate gauge bosons
of SU(3)H symmetry. These are the gauge bosons, which connect SM-type fermions to
vector-like fermions. They can be written in terms of the horizontal gauge bosons A
j
µH, as
U±µ1 =
1√
2
(
A4µH ∓ iA5µH
)
,
U±µ2 =
1√
2
(
A6µH ∓ iA7µH
)
.
(A9)
The VEV of Φ(1)
H
takes the same form as that of ΦL, but in horizontal space. Therefore, the
mass of Uµ j bosons simply readsMU = 3gWvH
/
2, where vH is the amplitude of Φ
(1)
H
’s VEV.
To complete horizontal symmetry breaking, Φ(2)
H
will develop VEV, which must be on
its colorless component to preserve QCD symmetry. In order to keep SU(2)L symmetry
intact, Φ(2)
H
’s VEV should also be on the singlet component of its SU(3)L triplet. Finally
to destroy SU(2)H, the horizontal triplet of Φ
(2)
H
simply attains VEV in its doublet in the
form
(
0
v′
H/
√
2
)
. In the process of destroying SU(2)H symmetry, the four unbroken neutral
gauge bosons will mix and as a result we end up with three massive and one massless
gauge bosons. Themassless gauge boson Bµ, corresponds to U(1)Y symmetry. The SU(2)H
symmetry has three gauge bosons: W±µH and W
3
µH. The charged gauge bosons receive
mass through the kinetic energy term of Φ(2)
H
, which turns out to beMWH = gWv
′
H
/√
2. The
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mixing of the neutral gauge bosons A˜µS, A˜µL, A˜µH,W
3
µH is through the VEV of Φ
(2)
H
, i.e.,
〈
Φ
(2)
H
〉
=

0
0
0
1

⊗

0
0
1

⊗

0
v′
H√
2
0

. (A10)
The kinetic energy of Φ(2)
H
is
L
Φ
(2)
H
,kin
= Tr

∣∣∣∣∣∣∣
∂µ + igWWˆµH − igW
3
√
3
AˆµL +
igW
6
√
3
AˆµH − i
√
3
8
g˜SYˆSA˜µS
Φ(2)H
∣∣∣∣∣∣∣
2 , (A11)
where WˆµH =
3∑
j=1
W
j
µHTˆ j. The squared mass matrix of neutral gauge bosons is obtained
from the above trace, i.e.,
M2 =

3
4
g2Wv
′2
H − 112√6g2Wv′2H 16√6g2Wv′2H
√
3
8
gW g˜Sv
′2
H
− 1
12
√
6
g2Wv
′2
H
1
216
g2Wv
′2
H − 1108g2Wv′2H − 124√2gW g˜Sv′2H
1
6
√
6
g2
W
v′2
H
− 1
108
g2
W
v′2
H
1
54
g2
W
v′2
H
1
12
√
2
gW g˜Sv
′2
H√
3
8
gW g˜Sv
′2
H − 124√2gW g˜Sv′2H 112√2gW g˜Sv′2H 316 g˜2Sv′2H

. (A12)
The mass terms would look like
(
W3µH A˜µH A˜µL A˜µS
)
M2

W3µH
A˜µH
A˜µL
A˜µS

. (A13)
The squared mass matrix can be diagonalized, which leaves one massless gauge boson,
Bµ. The eigenvector corresponding to the zero eigenvalue is (after normalization)
Bµ =
1√
15g2
W
+ 453g˜2
S
(
−4
√
3g˜SW
3
µH +
27g˜S√
5
A˜µH +
36g˜S√
5
A˜µL + 4gWA˜µS
)
. (A14)
3. The SM breakdown and fermion masses
To break PUT2’s gauge group further down to SU(3)c⊗U(1)EM, we need another Higgs
field, which in addition to the symmetry breaking is also responsible for givingmass to all
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SM-type fermions of the model. The mass terms for SM-type fermions involve couplings
of left-handed and right-handed fieldswith aHiggs field, which developsVEV. To achieve
this in our model, we need to coupleΨ1 to itself and also toΨ2 through appropriate Higgs
fields.
The SM Higgs field transforms as (2, 1) under SU(2)L ⊗ U(1)Y. Therefore, the SU(3)L
representation of a Higgs multiplet that breaks the SM, must contain a (2, 1). The SM
symmetry breakdown, then, is through the VEV of a Higgs multiplet transforming as
Θ = (1, 8, 8). The decomposition of Θ’s SU(3)L octet, in terms of SU(2)L ⊗U(1)Y multiplets
or quantum numbers, yields
[8]SU(3)L = (3, 0) ⊕ (2, 1) ⊕ (2,−1) ⊕ (1, 0) , (A15)
which in matrix form can be written as
(3, 0) (2, 1)
(2,−1) (1, 0)
 . (A16)
Therefore, Θ contains a SM Higgs field, which we denote by H = (2, 1), and should
develop a VEV in H. The decomposition of Θ’s horizontal octet is essentially the same as
that of the SU(3)L octet, but in terms of multiplets or quantum numbers of SU(2)H⊗U(1)H.
To avoid vector-like fermions receiving mass through the SM’s Higgs the horizontal octet
cannot contribute to Θ’s VEV in its (1, 0) part and must have a vanishing U(1)H quantum
number. This means that the horizontal contribution to Θ’s VEV can only exist in the
(3, 0) part.
Through the kinetic energy term, Θ’s VEV breaks the SM symmetry down to SU(3)c ⊗
U(1)EM, and gives mass to W
± and Z0. In addition, Θ’s VEV mixes the charged gauge
bosons,W±µH andW
±
µL, since it carries SU(2)L and SU(2)H quantum numbers. To be precise,
such mixing of “gauge eigenstates” yields new charged gauge bosons which we may call
“mass eigenstates.” Let us denote the mass eigenstates of such mixing by W˜±µH and W˜
±
µL.
They can easily be expressed in terms of the gauge eigenstates, W±µH and W
±
µL (and vice
versa). The squaredmassmatrix of charged gauge bosons, similar to neutral gauge boson
mixing, can be diagonalized by an orthogonal matrix, R. Such matrix connects the mass
eigenstates, W˜±µH, W˜
±
µL, and gauge eigenstates,W
±
µH,W
±
µL, i.e.,
W˜±µL
W˜±µH
 = R

W±µL
W±µH
 , (A17)
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and vice versa 
W±µL
W±µH
 = RT

W˜±µL
W˜±µH
 . (A18)
The unnormalized mass eigenvectors and their masses are given by
W˜±µL =W
±
µL −

(
g2
W
− g2
2
)
gWg2
v2
v2
H
+
√[(
g2
W
− g2
2
)
v2
v2
H
+ g2
W
]2
+ 4
[(
gWg2 − g2Wg22
)
v4
v4
H
− g2
W
g2
2
v2
v2
H
]
gWg2

W±µH
(A19a)
with
MW˜L =

(
g22 + g
2
W
)
v2 + g2Wv
′2
H +
√(
g2
2
+ g2
W
)2
v4 + g4
W
v′4
H
+ 2
(
g2
W
− g2
2
)
v2v′2
H
4

1
2
, (A19b)
and
W˜±µH =W
±
µH −

(
g2W − g22
)
gWg2
v2
v2
H
−
√[(
g2
W
− g2
2
)
v2
v2
H
+ g2
W
]2
+ 4
[(
gWg2 − g2Wg22
)
v4
v4
H
− g2
W
g2
2
v2
v2
H
]
gWg2

W±µL
(A20a)
with
MW˜H =

(
g22 + g
2
W
)
v2 + g2Wv
′2
H −
√(
g2
2
+ g2
W
)2
v4 + g4
W
v′4
H
+ 2
(
g2
W
− g2
2
)
v2v′2
H
4

1
2
. (A20b)
Dirac mass terms, involving the left- and right-handed SM-type fermions, can be
written in the form
Lmass = κ1ΨT1ΘCΨ∗2 + κ2ΨT1 Θ˜CΨ∗1 + h.c. , (A21)
where C is is the charge conjugation operator C = iγ2γ0; κ1 and κ2 can be different in
general, and Θ˜ = iλˆ2LΘ∗. One notices iλˆ2L in Θ˜, which analogous to the presence of iτˆ2 in
the SM’s quark mass terms.
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The mass terms in Eq. (A21) are rather compact. To convince ourselves that they
yield correct mass terms for SM-type fermions, let us expand them for at least one flavor
doublet. As explained, Θ’s VEV has two parts: an SU(3)L octet, which contains the SM
Higgs, and a horizontal octet. The horizontal octet in Θ’s VEV eliminates purely vector-
like left-handed triplets (e.g., those in Eqs.(13b and 16b)) and therefore prevents them
from receiving mass from the SMHiggs VEV. Thus, the only left-handed triplets that stay
in play are those which involve SM-type fermions. Of those, let us considerΨ1’s

d∗L
−u∗L
dcL

,
and expand themass terms in Eq. (A21) for normal quarks. The SMHiggs doublet attains
VEV in the usual form
(
0
v/
√
2
)
and therefore for normal quarks the mass terms in Eq. (A21)
simply read
Lquarksmass = κ1
(
d∗T
L
−u∗T
L
dcT
L
)

0 0 0
0 0 v√
2
0 0 0

C

−u˜c∗L
d˜c∗
L
uc∗L

+κ2
(
d∗TL −u∗TL dcTL
)

0 0 v√
2
0 0 0
0 0 0

C

dL
−uL
dc∗
L

+ h.c. ,
(A22)
which easily reduce to
Lquarksmass = −κ1 v√
2
u†LCu
c∗
L + κ2
v√
2
d†LCd
c∗
L + h.c. , (A23)
and finally
Lquarksmass = κ1 v√
2
u¯LuR − κ2 v√
2
d¯LdR + h.c. . (A24)
APPENDIX B: CONTRIBUTIONS TO ELECTROWEAK S PARAMETER
In this appendix, we show derivations of contributions to S parameter from uncon-
ventional fermions and scalar fields.
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1. Fermion contribution to S
For chiral fermions
(
ψ1, ψ2
)
with masses (M1,M2) and hypercharge Y, one-loop contri-
bution to S is given by Ref. [30]
S =
Nc
6pi
{
2 (4Y + 3) x1 + 2 (−4Y + 3) x2 − 2Y ln x1
x2
+
[(
3
2
+ 2Y
)
x1 + Y
]
G (x1) +
[(
3
2
− 2Y
)
x2 − Y
]
G (x2)
}
,
(B1)
where xi = Mi/MZ, Nc is the color factor and G (x) = −4
√
4x − 1 arctan
(
1
/√
4x − 1
)
. For
maximum contribution of unconventional fermions to S, we use their mass scales as
maximum masses. Since Λlu ≈ ΛU and Λld ≈ ΛD, we may write
x1L =
Mlu
MZ
≈ x1Q = MU
MZ
and x2L =
Mld
MZ
≈ x2Q = MD
MZ
.
Let us employ a new notation xU and xD instead of x1 and x2, where
xU ≡ x1L ≈ x1Q and xD ≡ x2L ≈ x2Q . (B2)
One loop fermionic contribution to S for one generation of unconventional fermions is
S = Sleptons + Squarks , (B3)
where each S can be calculated using Eq. (B1). We easily find
S =
1
6pi
[
16xU + 32xD + 2 ln
xU
xD
+ (4xU − 1)G (xU) + (8xD + 1)G (xD)
]
. (B4)
2. Scalar contribution to S
For a scalar multiplet, transforming as
(
jL, jR
)
under SU(2)L ⊗ SU(2)R, the S parameter
is given by Ref. [28], i.e.,
S =
1
3pi
∑
JJ′
XJJ′ f
(
m2J ,m
2
J′
)
, (B5)
whereXJJ′ , f , andm
2
J are explicitly defined in Ref. [28]. For a scalar field, which transforms
as
(
jL, jR
)
= (1/2, 1/2), we find the group theoretical X factors
X11 =
1
2
; X00 = 0 ; X01 = X10 = −1
4
, (B6)
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and the relevant f ’s
f
(
m21,m
2
1
)
= − ln
(
m2
1
µ2
)
, (B7a)
f
(
m21,m
2
0
)
= f
(
m20,m
2
1
)
= −6
∫ 1
0
dx x (1 − x) ln
[
m2
1
x +m2
0
(1 − x)
µ2
]
. (B7b)
With all this, the S parameter for a scalar transforming as (1/2, 1/2) reads
S =
1
pi
∫ 1
0
dx x (1 − x) ln (x + ζ (1 − x)) , (B8)
where
ζ =
m2
0
m2
1
=
m2 − 3
2
m′2
m2 + 1
2
m′2
=
1 − 3
2
β2
1 + 1
2
β2
, (B9)
β = m′/m, and m′ is the mass splitting parameter. For a scalar field which transforms as(
jL, jR
)
= (1, 1/2), we find
X 3
2
3
2
=
10
9
; X 1
2
1
2
= −2
9
; X 3
2
1
2
= X 1
2
3
2
= −4
9
, (B10)
and
f
(
m23
2
,m23
2
)
= − ln
m
2
3/2
µ2
 , (B11a)
f
(
m21
2
,m21
2
)
= − ln
m
2
1/2
µ2
 , (B11b)
f
(
m23
2
,m21
2
)
= f
(
m21
2
,m23
2
)
= −6
∫ 1
0
dx x (1 − x) ln
m
2
3/2
x +m2
1/2
(1 − x)
µ2
 . (B11c)
If we define
ζ =
m2
1/2
m2
3/2
=
m2 − 2m′2
m2 +m′2
=
1 − 2β2
1 + β2
, (B12)
with β = m′/m, the S parameter for a scalar field transforming as (1, 1/2) is simply
S =
2
9pi
{
1
3
ln ζ + 8
∫ 1
0
dx x (1 − x) ln (x + ζ (1 − x))
}
. (B13)
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